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Research..United States Air Force. The research reported
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ABSTRACT

One possible technigque for accelerating a plasma to
a high Mach number is that of passing a magnetic field
through the plasma. This technique, called the traveling
wave pump, is characterized bya complicated set of differ-
ential equations. These equations have been approximated
by a one-dimensional steady state form. Several approxi-
mate integrals are found for the one-dimensional equations.
The results indicate that the viscosity losses in the system
are not excessive. The results also indicate that the inlet
velocity profile should be as uniform as possible and that
the magnitude of the inlet velocity should exceed 7-1/7 times
the wave speed by an appreciable amount.
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CHAPTER 1
ANALYSIS

The complexity of the flow in the TWP accelerator seems to
require a simpler procedure for a working approximation. Since the
TWP is an A.C. apparatus the first step is that of reducing the equations
to the form of steady flow. The one-fluid model will be used. The next
step is that of reducing the equations to one-dimensional flow. These
steps which give simpler, though more approximate set of equations
are outlined below,

Consider {irst the continuity of mass,

do ,,/,»;owéa (7)
ot

where
/O =mass density

V =mass velocity

¢ =time.

If this equation is integrated over a volume (this volume is not time

dependent) and the divergence is converted to a surface integral, one
obtains

m’/:;’f- de!/P'd?-o @

Manuscript released by the authors December 1962 for publication as an
ARL Technical Documentary Rcport.
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Equation (2) is then integrated over a period, i.e,,

ur //at a’y) /nr

f/or -5 =0 (3)

and if

/gz"ﬁ””/ =/a? "'V/
Yo/

¢ W tr7

then this term vanishes. The second term is evaluated over a stream
tube of cross section #(Z) lying between Z and Z#+o/z .
Thus the continuity reduces to

pu A = Const or (%a)

rde 1 2920 @)

This volume corresponds to the control volume used by Shapiro.
Similar treatment of the momentum equation results in the
average one dimensional equation,

agrP . JF , *m? o da}
P "Ps T2 db ale =0

where
M = local Mach number

a,/'\l;k T

A =pressure

?

&~ = ratio of specific heats



d!f = total body force acting on the control volume in

direction opposed to &

A / o7 -
ot {2/ 3] (23] ] )
z ¢ 1 2z
&) = hydraulic diameter
O =4 2red of duct
perimeter
£ = friction factor

£ =712, "gﬁl_’““

The energy equation is also averaged over the period and gives
d [dr r~s ,,2 du7 (¢)
2R [T T eur

Wwhere ‘:g = specific heat at constant pressure
&/Q = work and heat added to the contents of the

control volume per unit mass of contents

The state equation is

P - TR T T (0

The next step is that of evaluating the averaging integrals, which
can be calculated from the results given in Ref. 2 after computing the
electric and magnetic fields. When the magnetic Reynolds number per
unit length based on the slip velocity ( 6"}4 C-w) ), is small,

‘:c (C=&) is small. The

arguments of the Bessel functions describing the fields below are real,

the attenuation of the coil is small and
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with &£ ® f- . The fields are given below for this case:

8. S NI I (kr) GIKR,) Sin )
B, S auNI I (kr) GraR,) cos

£ = ~CuNI Gi*R) I (kr) 50O

./; = O uNI T, (xr)G(kR,) (C-V,)

The force per unit volume is
-~ 4 A -
Jr&=a,.J, 8, -4, 8r),

V-4
E.2=a(unr) §2kR,) I, (xr) I (kr) 3in 8 cos N (c- 1)

’.-Z = EQ‘IVI)_:.Z;‘/KI‘)G‘/"‘.) sin 20 (("Vz)

The total electrical energy added per unit volume, per unit time (i.e., the

total power addition) is

«ltn

B =E-J =ocunr)® 1 *tar)GxR,) sin’0 cte-v, )

where

Ksewf0 , N=*K(Z=-Ct)



and

X (KR,)
& (KR,) I, (KR)) ~K; (KR) I (KR,)

GlKR,) =

where I(N) and k(N) are Bessel functions of the first and second

kind, respectively, of order AN having imaginary argument.

For KR —» O (KR) —> <
° ¢ (xR) 20 xR)Z in(kR) ~ /!

The force on the control volume of length Z then becomes

Zed tor 4

X=- AL, Jr _7_/. / z{;/ ¢ wR)etunI) ‘[1; Yr)te-g)sink (2-ct) rdr
e o

S
= -4-9“”1)27"- . Jﬂ"/é' ‘fk&)I, "{xr)(c- V(7)) ror

= ?’. clun)? [mrR2I[L ko) -1, (xR I, (kR)] times

GEreR) [C-au] 2
2nf % *xr)v, trirdr
/] (4

n&r120ey) -1, (4R, (4R)]

where acw. =

O is a weighting function which adjusts & , the mass average
velocity to account for the variation in magnetic ficld across the tube.

In the case of slug velocity & =1.



Let
=/r?
FIKR) -/},' (KR) -1, (kR) I, (KR) ]

So 2XP
Then as KR —» oo |, KiwpR)—»
Errowe)?
and
- 2
22X = "'4;”'” szl"ﬁ) p,g‘/-‘(kk)(c-afu) az
and
A 7 R, =
o0 = -~ Z :
?=7 [a'z ﬁ.[dt/ 2mr p%;-dr)] dz
o
unNI
= 2 2 ¢wR,) Frek) cle-au) oz

A one dimensional form has also been deduced by Williams in Ref. 3.
However he fails to account for &

Equations (4), (5), (6), and (7) describe the process to be
analyzed. Since these equations constitute a non linear system, it
seems most practical to follow Dahlberg's suggestion in Ref. 4 and study
the phase plane in search of closed form solutions.

The momentum equation then becomes:

AP, JF 2 If; /4
dz "A gz *TM PR ,—;‘-}ra s)



Using /oa"- ?’PM‘

du P _ oluni)? 2 2
pPUg=r o= = ” FraR)G (kR (C-ru) -2 0w D
or
aP _ aunr)? 2 } 2. £ Ju
77 - 7 FleR) G (eR) (C-acu) 2pou—= -/ou; (9)

The energy equation (6), neglecting the ionization term, using the
«l _ 2du

equation of state and expanding s ,
«a? (-3

becomes




leading to

G du o I” . p Pu R
(ou*+ HP) gz + 47 gz " R A dz
F 4
o LN prep )GRNR,) E(C-a) 9
£
Sol for -;Ji'
olving oz

l(('e
[ P 44 1/’“—{* £ ”_ZL ;(4"?)¢2(4’P)(C-¢tu]

N T) R
. -5 ruyetens,) efe-ew)f
P73 p (7¢)
C
(1) pur- 25
Substituting in (9) and collecting terms
C'fo P IR
/e/"“ /0“"""8’?/ “pu 7 Iz
//-ou‘f % {’] d‘L«.NZ‘) f(A’A’)G':(l’P)(C'Qu)
, cunr)? 2
P puc =g F(kR) G4 kR, c(c-u) .
dx "~

/;‘;é -/]ﬂ“‘ ‘(%Q)P



Examination of these two equations indicates that

a. there is a critical line corresponding to

e C,
put(E-1)-F Peo

or since £, and P are not generally zero this

line corresponds to M=/

b. there n?e singular points where ;-3:— 4 . This
occurs if
i. &4 & 'é and
P R 2

When this singular point is located within the region of interest it offers

a possible termination for the process.



CHAPTER 1l
DISCU SSION

First consider the equations (11) and (12) in the physical plane.
These two equations can be integrated numerically from given conditions
at the inlet, to the outlet of a TWP device once its geometry has been
specified.

In order to find the circumstances which will lead to an increase
in Mach number, consider the following expression from Ref. | which

follows from the momentum state continuity and energy equations.

dM /e 2’443 d

2/, 2,2
b IMZOt M) (o2 JE )

This can be rewritten as:

_Ldu_lf"u"
M agz /- T—‘*JYM")

/p M2 dR 1 J'.' a? 7 4w
FraT I T = 9z P (73)

10



Consider the case when the friction cancels the area change.

This case exhibits the effects of the magnetic power addition only,

For === to be positive
Jz P

7=/ 2 S 2 4 o .
s ZLa?) >rr0m®) £ £ 2 (+3a)

For this case Fz_ W lines for constant values of & are shown

in Fig. 1. These lines separate the plane into sg € O and 5”)0
. , o , z .
regions. Also for this case if ~Z&_ ig also to be positive, u/C

- d
must be greater than / . z

This constraint is considerably less stringent than the previous
“
one,( d'—z can be positive when d—"
will not be plotted. z

is 0 or negative) hence it

Dahlberg (Ref. 4) has shown that Eqs. (11) and (12) can be put

into a symmetrical form by the proper choice of nondimensional

variables. Sﬁ P
Choose u"- cﬁ and P" %— as new variables and {/4)

express the equations in terms of two nondimensional parameters:

_s dn P and o = B4 £ 74
ST R A

P
and the characteristic length Q. = -
AR

For the case of constant phase velocity ¢® and gas properties the

equations become

du®*_ fa'u“‘-/)/u"-a;) r */*“‘:VP‘)
/ oz Y (7?")“* (15)

1




g, L (@u™=/)(P*sur~1) +(P “u')du*- wr®)

a (%6)
! oz P ) el ) u®
V' 4
For the case with cylindrical symmetry BG is the equivalent

average field.

4
8,%= L2IL rren,) ¢ ixr,)

™n terms of these variables at the singular point mentioned

» h
above, ap2 s du® s 0 , i.e., the nondimensional pressure
dz oz

and velocity become constant giving in a sense a "ully developed,"”
stationary solution, although, of course, the dimensional pressure must
decrease along the duct to balance the friction under this condition. The
nondimensional variables thus give a much better description of the

termination point of the process.

This singular point toward which the magnetic pumping drives
the flow, must be located in the supersonic part of the phase plane and
the friction must not be too high if supersonic acceleration is to occur.
These limits are expressed by regions /' and & of the g-»

plot of T.ef. 4 and impose the co. straints:

/ R L

Bf‘c' 2 £
Souvlr-1) [/



CHAPTER 111
SCLUTION IN THE PHASE PLANE
Equations (15) and (16) are identical to those of Dahlberg (Ref. 4)

when the variation of the field with radius is accounted for through 8, ,
the velocity averaging factor. We follow his procedure

and &
dividing (16) by (15) to obtain

(Ru-1)(Psu-1)+(Pra)(pu-yP)
v7)

) (xw-7) (a-‘,i) + ulpu—yr)
0

a7 _
dew

The *' s have been omitted; however the nondimensional variables

(defined in (13) and (14)) are still being used.
Following Lighthill (Ref. 5) let

PR (r)+ VR (¥)+ . . .
and (/’)
U= X»r v, lx)+.. .
-1
L /
du  du
ax
Ju _ ’
o =/+ Ve, ...
(79)

13



(17) can then be re-written

gf /;a-/)/a-— ) s (e~ 'wP)] (-) [/-a'u ~I)(Pru-1) +

wtPre)(Pu- wP)] (20)

Substituting (18) and (19) into (20) and equating powers of V,

the nondimensional area change parameter, we obtain the O "order

equation for /3 ','
. (ax=1)(R rx-/)¢+@r (P, +¥)
K (21)
(or-1) (- ?f) ¢ Fxre

and the two first order equations:

plzep (#rec) X~/ (22)
‘7 tar-s) (x---)+¢x"

and
e +Flr)u, =grr) (23)
where
\
/R rx-l)tlx+2g)X-/s ' A
locx-1) (B +X-1) + $Z(B+2Z)

ftr) =

(o )i voc-1)x —(1+ ;‘;5
" fax-r)lx-2 r<

and i P, (’b 'I'J')
g = (xx-1) (R +X=l)+dx(F, +x)
o B
- -2 2
(ax-1)(r-32 ) rdx )

14



Equation (21) is a first order, linear differential equation for Po
which can be reduced to quadratures and integrated in the case when #
is small. ’,’ =0 is a regular solution of (22) which is chosen to sat-
isfy the initial conditions that at & & ket 2 re 13 v w’) =le
R =o. ’

After solution of (21), ( 23) can be reduced to quadratures, but it
involves a great many terms and an approximation to the logarithmic
function even for sinall ﬂ and V

a. The Solution for P.

Collecting the terms in ( 23) we obtain

/ latrg) =/ (ocp g a®- xpavi) e
P — 2 (xe/) + (2¢)
2. 7 4
(ord) 1 ortro 2 ;+¢;}' focsg)x®x (1 + f), 2
The solution of this equation is
2
AR (x)=exp /-I(:))/’,- -/Z-:pzm (ardlx"oxtoviit) (25)

(acrg)ri-x (1o g)"ﬁ'

where

15



This can be integrated* to give

Zrr) = f V73 /l-hwf)l‘-x{/r )fr]

/
+
e
2 ,-——z——
-22)
DN

r

20crd)r-t1952)-(1-E

b
o
) N

r

using this result (25) becomes

2r0vg) x-(1+ ‘-?f) */"2‘:"’)

3 *',3;.,,

X812
("c,.) ]

P=tws8) low %VW -2 [thrs) Vta-8)"Jraed) 42 -farri)n e1] d._'/

where the following abbreviations have been used.

r

/

/-
(-2)"

-

(2¢)

? 4
%« For the Logarithmic function to be the solution.// + g) > CL‘ (x+¢)

is required. Rewriting this condition as

(%

it can bc secen that with

cn <) 2
0-“-, c,.

&=y

'—’_-“

this condition is ncarly always met.

For the worst condition of & '/,

2 R
C»

/12 r=%/.67

For example, the limit is $#<.229.
7=/ 67.

16




An2iard)r-rr+28)

%
T SO AR R Iy
A /c’.)\p,;,/ﬁ

»
& ¢
4-8=2[/a'+¢)x-/v- T ]
ol ‘...ﬁ ¢
Ar8 =2 | (ard)r- Z, " ; :‘g
p

The second term of (26) cannot be integrated in general; but when ¢ is

small (see Appendix II), the cxpression can be integrated directly since
m—=si, n—»0.

For g¢¢/ and absorbing a awmerical factor in the constant €, .

<,
- -
(x +g) X :—‘ - f_(.é_
r &R
»

17



x+d r ! /a*(ou-d)x)z_
- 2
lar )= 52 1E& |2
» /.58
C'* L

a

davece/ a“ra (xe1)s0t+ g
- xrglr ) 4 .
(“")f (a * (avd ) (cve ) 4
*én (-a-tx-g)x)r (27)

where @ 2=/¢ s s "*’ & . For any physical situation

=
(a* rrg) 8) appear’. to be negative.

b. Higher Order Terms

Since the substitution of (27) in (23) leads to a quadrature which
offers little advantage over direct numerical integration in the physical
plane for a specific geometry device, further attention is directed only
to the simple case of constant area which is integrable directly.

a) Constant area (p = 0) no friction C¢=0)

When V30 , us x, P sp, the general phase

18



plane trajectories are shown in Fig. 4a of Ref. 4. With these simplifica-

tions

R
P _ Piﬂ Uin =~ Tp % - u
«) - “,.”z_ R = R .(28)

“in ~ u-=-z- € =z
2 o Vs

length can be introduced again by using (15) and (28).

Z -
Plﬂ (a'" c ) “‘
F i +u
%in 2
in -
2 c
- (/ - _ﬂ) u
u - R R
p

dz =
(au -I) (a-% 2
_ 4, + A, + 8 4
/ u
(--% ) ( "c%) (@u-1)

19



where

Pin (“In""c%)
'T§C§'+gl+ u, 3
P P u,n--_éﬂ_
A = ar _,
Cp

Yy 3
2 C'P CP U/n--n-:
Ar = (aR _/)8
Cp
P (U - L=
-.3_+_€£+£+d‘ ”’(”' CP
2 R Cp Usp - aml
- 2
& = (/_ak 2
v
7
A
= C, + - R 8 -
p 2 a,[z —(:‘-:%T'FAZLn(a 6‘9)+a-l‘" (au Ii (29)

cz is of course detnrmined by the condition that at the inlet Z 20 ,
P =Pinlet, ¢ = Uintet
C,_ s -[ The rest of the right hand lide] evaluated at « = U, .

b) ¥ 20 (constant area) ® <</ (small friction) the
gencral phase plane for this case is shown in Fig. 4b of Ref. 4. Super-

sonic acceleration in this case is confined to every small region of the

20



phasc plane and can occur only when @< 1/#r(r=1).

Then
p . = ! [C‘ -5 — (a
- /
@ " edru- f£_¢ _ :R 2@+9)
<R 'd) P
2 2a+a +/
d <+ a u
+(d+¢) @) Y (a+ardu)
al+raca+i)+(arg) _
- ard Ln-[a +(a+¢)u]] (30)
where
C/= Pip|@+ @) Um'c¢ - 4”
3-a

/ ds!
*Ziargy (at@+8)uy) - ’2;:; (a +(a+¢) uyp)

ad+raca+i) +a +
+ a+¢ ¢ Lﬁ"[d*(d*,)u,'n]
For this case (15) gives
gy @u)(agg)r 9’
4 dz * £
C
P-(—bﬂ-l)u
(1)
R
dz= a, du (31

(au-l)éx - FR;) + pu?

21



neglecting powers of ¢ greater than the first (30) becomes:

/ (@u -1):+2 @@u- 96
Py = P Cr -
(a+¢)u--67-—¢d‘ 2(a+d)

a-l+2448

ar¢

(du-1+ ¢&)

-a—f¢—(06'+5+l) Ln (/'GU)] 32)

where
R
& = 2
(-g&
e

integrating (31) with (32) we obtain

(2 /
Z = GI[C2 -(_Rﬁ"l) II+C'IZ-W I3

a-/+ 294 o(as +4+/)
* Is (33)

a+e Iy - a+d

where all the integrals can be found explicitly except I‘- which requires
the approximation Ln(/-au)=- (a u+€(a u)‘)

where €
is taken to give the best approximation to the 4L n

over the range of Q«

of intcrest (see Appendix 11}, For aQu 4 . 8§ €= /2 gives

22



about 4 per cent error under the worst condition @« =.5) . Since this
term is of order ¢ the error introduced in 2 should be small. The

above integrals are as follows:

N du -
1= f[(d+¢)“z-(/+%f u+ ?%-]

Az A2
I,= @+ [(a+¢)u -(%f--r ¢d‘/]2 * [(d+¢)u-9£- +¢6]

8,
+ (a+¢)u -(/—¢d‘)]} du

[ A Az 83 |
I,= (a+P) + + du
’ f L1071 []]
[ Ay A 8, |

I, - (M/L[ ]

A A 8
I,=(a+¢)/ gy 4 | du

23



where

b N
LS
|

aR _; 4+ 2¢4

A0 = at¢
22 = 7aR 2
(G -1 +244)

(&2 -I+2¢J)

a[-gf (1-2a)+ d+ ¢{d'(l-2a)+Z-gf-(ad'-l)fzu-ad')}]

4/3 -
[ %} -1+ 2¢6] (a+9)?

a’(gg)2+3a2+¢[¥d‘ 2% J‘GdzJ-de'f-‘fCﬂ
[%-—'3— [+ 246 ]2(a+¢)

P

24



a(/-a) + ¢ [2a%6-2ad]

i [": /+z¢5] (a+@)?

. _[f’z"% -a+@(2aé- /)] (d+ )
" [%;— l+2¢a'] (a+@)?

) @ [2 ar -I](a+¢)

“ [’o /+2¢5J (a+¢)

8, = ¢°[¢ ]

—[%:f-uzw] @+ @)

o S oo grnge)]
5=

[ -/+2¢6' @v+)*

25



@ ¢)[(d+¢)(%f)2@ 2.2 g-pg +2) ~ ¢{a6+é [‘m(é-)z

—¢a‘(?§-)3+ 86%)2—46%5 -24‘%;5]”

A25‘ = - 2
-‘-c'f—/+z¢5) (a+¢)
a?(/-6+€) +p@-2aed)
Bs = ¥-3

(-%f— —/+2¢5)2 (a+¢)?

with the above substitutions (33) becomes:

[ -
C
z = \}C-—-—Ep:—’- tn|@rerut ~(1+ 28 R
= a,;\C, 2(a+g) ﬂ[ « (f"?';)afz-;]
. o

+

(/+%—@)(l+ 2“)
P "QL in [(af¢)u-/+¢d‘}

- ar ~aR_
(/ .2;.) @rdu--ps

-
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—CI

+

/

Z ek
(CP /*2¢d‘)((df¢)u %5 ¢J)

arg

ar 2

/

Ln [(afwa --gf- ¢d‘]

7 Ln[@tdru-ci-46)]

ar
l:?"o--/+2¢5]
_ {/)}
aRr ar 3
a - - JH—--/ 2 a](¢+¢1
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{2} Ln Ea+¢)a - %f-ﬂ]

ar 2 2
= -I+2¢6] (a+ )
P

|
{s}Ln[@+®ru -0 - 86)]
+ AR 2 } Gy
['Z-—‘ / +2¢6] (a+¢)?
P J

where Cp & = [ everything else on the right hand side | evaluated
at 4 = WU p/et - The { } s are constants involving F,a, @
and € the Logarithmic approximation, specifically

ald

2
(1} = S -a'+ % (a’ - —:—) + ¢[a ~2a%(/1-ad+4)

- aé-a% ?:' X a"(%)‘ (ad + J+/)]
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{3} =

£[(82) +sloole( &g r) s

2 a’R
+ad(4a+at+l/)-a+2 —‘ﬁ (a-6-1)

“(g’“’ + ¢[ad‘(a‘ +1)-a*d@é+8+/)

+ea(ad +6+I)]
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CHAPTER 1V
CONCLUSION

The expressions found by the method of Lighthill for P¢«)and & (z)
for one dimensional compressible flow at constant area should facili-
tate the interpretation of the experiments with the constant area TWP
with small friction. Although this method produced a quadrature for
the first order component of velocity due to area change, it secems
doubtful that evaluating this expression would result in any simplifi-
cation over direct numerical solution for a specific case.

The results also indicate the regions of operation in the
local Mach number plane. This plane illustrates the conditions that
must be satisfied to increase both Mach number and velocity in this
kind of process. This curve seems to offer the suggestion that,
according to the one-dimensional flow it will be necessary to
increase the phase velocity of the wave as it travels down the accel-
erator. The one-dimensional approximation also indicates that the
performance is improved by making the inlet conditions of the gas
as uniform as possible.

The calculations in the appendix indicate that in terms of Dahl-
berg's nondimensional friction, the friction will be small in devices
operating at low pressures. The advantage of maintaining a disequi-
librium between electron temperature and gas temperature is apparent,
since elevated electron temperature gives increased conductivity with-
out the increase in viscosity which accompanies increased gas tempera-
turc. Some data i{s also presented in Appendix I which serves to compare
various gases in terms of the friction parameter ¢ .
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APPENDIX I

THE NONDIMENSIONAL FRICTION FACTOR

2o £

Beles D
in terms of the friction factor # . In terms of the skin friction coeffi-

Dahlberg (Ref. 4) defines the friction parameter ¢ =

cient, (‘,- , this becomes @ * . C,- can be approximated

“e ‘d"
as the laminar or turbulent skin friction coefficient depending on the
- “
magnitude of the Reynolds number, Re = _?;0 . From the perfect

gas law it follows that

A P
Al LAY | ) YY)
A a9 (k)

4
where P is in mm of mercury T is in °K and Y is in 4”"/" . Mw
is the molecular weight. Using the simplified kinetic theory of Hirsch-
felder, Curtis and Bird. (Ref. 6)

-6 NM,T Xgm
z

7 =2.472x /0 where & is the equiv-
alent rigid sphere molecular diameter in Angstrom units. Substituting

into the Reynolds number we obtain

P iy -

e 6.02 x 10?

A =2ud

for T at 5000°K and I mm pressure with
Os./tm u=/0%m/sec Rez= 5/

For Reynolds numbers of this order the laminar skin friction will certainly

be applicable in which case

&4

(’ s
d “ I'Jl’dﬂ&f

With the above relations the friction paramcter becomes
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t.34r70 "7

/¢ P — *
(M"’) “ em)

=
4 dl’l/lo ‘\/074 d:" (7;4')”‘

for nitrogen at 5000°K and 1l mm pressure with 8=,/ weber/meter

and O = /OOM/’”

gntobrso?

In Table I the appropriate constants for some commonly uscd

gases are given to facilitate a comparison of their performance in

the TWP.
TABLE 1
Proportional to
o~ "w ”w*
o 5 .V' ~ad —
4'43 A° L4 "0 M a o
Cross Section | Molecular
(Angstroms) Weight (7') (&) (¢,
N, 3.75 28 .376 74.5 3.25
He 2.18 4 .42 9.5 1.3
A 3.64 40 .48 84 4.4
H, 2.92 2 . 166 12.1 57
Air 3.7 29 . 394 74 3.4
Hg 3.56 200 1,14 180 15.1
N 1.68 14 1.33 10.5 4.3
co, 3.89 44 .44 100 4,37
CH, 3.79 16 .278 57.5 2.1

From the above table it appcars that hydrogen has by far the best
characteristics as far as the {rictional losses are concerned. For most

of the cases of interest the small ¢ assumption appears to be justified.

» This equation can also be written in terms of the Mach number,

u/a. It becomes

P
_r3txr0 M, ¥
T o8*ND

T pe Pm

34



APPENDIX 11

APPROXIMATION TO THE LOGARITHMIC FUNCTION

In order to approximate Is , consider the first two terms in
the series for (,, //-O’u) S - [/0'8)‘#/&“):4?" f““)"- . -]
In order that the integral be expandable in partial fractions the numer-
ator must be of order 2 or less. We choose the approximation
nl/-u) X -f“af( M“}‘a] where € is matched at a
point near the average of @& over the acceleration range of interest.
For XU <.J€ = 2’- gives a good approximation, the range
of validity of a particular value getting worse as X& =/ is ap-
proached. Values of € for a perfect fit at a given value of &« are

given below.

2
auw € for dn(/1-%u)=-ocw-€lau)
4 .69
5 .17
6 .89
1 1.02
.8 1.25
9 1.48
.95 2.28
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APPENDIX III
THE FIELD-VELOCITY WEIGHTING FUNCTION

Because the fields in the TWP vary so strongly with radius, if kﬁo
is large the field-velocity weighting function, O , must be included. In
the text O¢ is defined by

1
ré Z ckr) veryrar
22" [powe) -7, (x8) I, (%R,)]

To predict the performance of a TWP device by means of the one-dimen-

e =

sional approximate analysis, a knowledge of the behavior of & for
different velocity profiles, and various magnitudes of A&, is required.

Assuming the density is constant acrou the cross section, & ,

the mass average velocity, is 2 / rVir) or

As a simple representation of a general velocity profile assume

vir) = «, OLr £,

“uo (1-fE) g tree

as represented in Fig. A-1. Then

st (1) z/_ii

and 0

a = & . (zg)’/}; *rar) =L, (%z)Z, g,é]
« (/- _’é)

Z2rR)-Z, (kQ)L, (k&)

/-—
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2/53 Zikgrtyr*iar”
Ziwg) -1, (eR)1, v

The last term in the [} requires a numerical integration or
an approximation to I, . For small argument (A”o <</)

Z, (k8 ) = /f/’-z—’-')z

¢
Z khR,) 2 ”.

z, ey 2 £ (28)°

mws g fal- )]

’e
Some values of O¢ s, 7.- for’\.rarioul assumed values of
A7, are plotted in Fig. A-1. Note that as -/ oL must always

approach / from below regardless of the value of AR, . andat R, > 5
this approach is very rapid from @ in the immediate vicinity of 72- =4
Because of the form of the expression for O the asymptotic appro'xi-
mation to I, does not give the right limit as -/

Figure A-1 indicates that for most applications there would be
little advantage in operating above L L w2~ ¢ unless a very nearly
slug velocity profile was present.
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